18.152 Practice problems for the midterm exam

The midterm exam will take place on March 16th Monday 9:35-10:50.

As an open book exam, during the exam you can see
1. the textbook : Partial Differential Equations in Action by Sandro Salsa,
2. notes, copies, and scratch papers.

However, the following are NOT allowed to use
1. electronic devices including Smartpads
2. the other books except the textbook.

Problem 1. Determine whether the following statements are true or false.
You do not need to verify your answer.

(A) Given a bounded open set €2 C R™ with smooth boundary and a smooth
function g : 2 — R, a smooth harmonic function u : £ — R satisfying
Jyu = g on 0f) is unique, where v is the outward pointing normal direction

to 0f).

Proof. False. Suppose that u(x) is a harmonic function with d,u = g on
0. Then, for any constant ¢, we have A(u 4+ ¢) = Au = 0 in Q and
Oy(u+c) = dyu = g on 9. Thus, there are infinitely many solutions. [

(B) Given a smooth function g : R" — R, a smooth solution u : R" x[0,T] —
R to the heat equation dyu = Awu satisfying u(z,0) = g(x) is unique.

Proof. False. Recall the Tychonov’s counterexample we discussed in class.
O

(C) Given a bounded open set 2 C R" with smooth boundary, a smooth
superharmonic function u : @ — R (i.e. Au < 0) satisfies

maxu < maxu.
Q aQ

Proof. False. The inequality above holds for subharmonic. For example,
if @ = (0,7) and u(z) = sinz, then (sinz)” = —sinz < 0 in Q = (0,7),
namely superharmonic. However,

1 = maxsinz > 0 = max{sin0,sin 7} = max sinz.
[0,7] 9(0,m)
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(D) Given a bounded open set 2 C R" with smooth boundary and a smooth
negative function c : 2 — R, a smooth solution u :  — R to the equation
Au(z) + c(x)u(z) = 0 satisfies

max v < max max{u,0}.
Q o9

Proof. True. See lecture notes Feb26. O

Problem 2. u : [0, L] x [0,7] — R is a smooth solution to the heat equation.
(A) Assume —uy(0,t) = uy(L,t) = 0, and show

L
A u(x, t)dx = 0.
Proof.
d [ L L .
— ud:r—/ utdw—/ umdx:um‘o = ug(L,t) — uy(0,¢) = 0.
dt Jo 0 0
O
(B) Assume —u,(0,t) = uy,(L,t) <0, and show
L
it/ u(zx, t)dz < 0.
Proof.
d [ L L .
— ud:nz/ utd:)::/ umdx:um‘o = ug(L,t) — uy,(0,¢) <O0.
dt Jo 0 0
O

(C) Assume u(0,t) = u(L,t) =0 and u(z,0) > 0, and then show

L
it/ u(zx, t)dz < 0.

Proof. The maximum principle implies

minu > min u = 0.

Qr OpQr
Thus,
. u(0,t) —u(0,t) _ .. 0
_ > D
uz(0,t) = %m(l) 5 > %m}) 5= 0

In the same manner, u,(L,t) < 0. Therefore, the result in (B) yields the
desired result. g
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Problem 3. Given a bounded open set 2 C R™ with smooth boundary and
a smooth function f : Q@ — R, a smooth function u : § — R satisfies Au = f
in  and v = 0 on 9f).

(A) Show that the following inequality holds for any € > 0
1
/ |Vul*dz < / fPdx + 6/ uldz.
Q €Ja 4 Jo

Proof. By the divergence theorem, we have

/uAu—l—/|Vu|2:/ uVu-v =0.
Q Q o0

On the other hand, AM-GM inequality yields
Au? u?  f? u?

Integrating this inequality over 2 and combining it with the result of the
divergence theorem gives

1 2
/]Vu|2:—/uAu</f2+s/u.
Q Q e Ja o4

(B) Suppose that we have the following Poincaré inequality

/u|2dx§C/ |Vu|*dz,
Q Q

where the constant C' only depends on n, ). Show that

/]Vu|2d$§ C/ f2dz,
Q Q

holds for some constant C' only depending on n, (2.

Proof. Suppose the Poincaré inequality that [,u? < C [, |Vul®. Putting
this into the right side of the inequality from part (1) gives

/yvm2g1/f2+5/u2
Q e Jo 4 Jo

1
g/f2+50/yvu|2
e Ja 4 Jo

for all e > 0. Now if we choose say ¢ = 2/C and rearrange, we get

/Q\VuIQSC/QfQ.
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Problem 4. Let g: [0, 5] — R be a smooth function satisfying

e}

= i A, sin(2n0), g®(0) => " —(2n)® Ay cos(2n0),

n=1
for some constants {A;, }nen. We define u(r cos @, rsin @) by

u(rcosf,rsinf) = A}im Sn(rcosf,rsind).
—00

where

N
: An .
on(rcosf,rsinf) = on sin(2n#), Sn(rcosf,rsinf) = Z ©On.-

(A) Show that for each fixed (r,0) € [1,+00) % [0, 5] = Q, Sn(r cos 6,7 sin6)
has the limit u(rcosf,rsinf). In particular, u(r,0) = w(0,r) = 0 and
u(cosf,sinf) = g(f) on ON.

Proof. We begin by calculating

us 00 us N
/ " 1990 2d0 = Z / " 250 42 cos(2n0) 20 = 1673 0 A2,
0 =170 n=1

We denote K = 4\f ([ 1g®?) 7 = o0y n8A2)z. In addition, for any k > 2
we have
[e.e] o0 oo
1 /n 1 /oo 1 1 1
— < dr = —dr = —— =
n;/[ nk n;/l o1 T2 M1 T2 iy, M-1

Let ¢, = A,r~?"sin(2nd) and Sy = Zivzl ©n. Given N > M, r > 1 and
|sin(2nf)| < 1 yield

N N I/ N 1 3 K
[Sn = Sm| < D |An| < (Z nﬁAZ) <Z nG> < S
n=M n=M n=M o

Hence, Sy is a Cauchy sequence for each (r, ). Therefore, Sy converges to
u at each point.

Moreover, for § = 0 or § = §, we have Sy(r,0) = Sy(0,7) = 0. Hence,
the limits u(r,0) and «(0, r) are also zero. In addition, u(cos#,sinf) = g(0)
by definition. O

(B) Show that for each fixed (r, ) € Q, 2 5 Sy, 2 57 SN, 507 SN have the limits

é?r u, 8‘122 u, 59022% respectively. In particular, Au = 0 holds in €.



Proof. As the proof of (A), we can obtain

N N 2 N 2
1 2K
gz g (S o) (3 0) <t

n=M

In addition,
4K
M—1

4K
M—-1

87“2 SN 8r2 SM‘ < ) ‘892 SN 692 SM‘ <

9 a2 2 o e
Hence, 3, 9 Sy, %S N, %S n are Cauchy sequences, and thus have the limits

9, o 92 .
35U, 5,2 U, 5g7U, TESpECtively.

Next, we observe

Ao = P L 10 +182 0
n = g2 T Lt T 202t T
Hence, AS,, = 0. Therefore, Au = u,, + %ur + r%ueg =0. O
(C) Show that lim, 4o r|u(rcosf, rsinf)| = 0.
Proof.
1 1
Iy 642 — 1\*_ V2K
<13k <1< (Sea) (1305 ) < 2
n=1 n=1 n=2
Hence,
2K
lim sup r|u(r cos 0, r sin §)| < lim sup V2 =0,
r——+00 r—+00 r
implies the desired result. O

Problem 5.  is a bounded open set in R" with smooth boundary and
u(z), f(x) are smooth function defined over 2. Suppose that given a con-
stant p > 0

1 P 1 P
/Qp]Vu\ () + f(x)u(z)dz < /Qp|Vv| () + f(x)v(x)dx,

holds if v :  — R is a smooth function satisfying « = v on 9. Then, show
that the following equation holds in 2

div(Vu \Vu|p_2) (x) = f(z).
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Proof. Given xg € 0, we define a function I : (—=4,) — R by

1(t) = /Q ;\vm(x) 10 — 20) [P + F(o)(u() + te(z — o)),

where 7 is a rotationally symmetric positive mollifier with compact support.

Then, we choose € small enough so that we have u(x)+tn.(x —xg) = u(x) on

€. Then, by the given condition, we have I(0) < I(t), and thus I'(0) = 0.
Since

I'(t) = / Vne(Vu + tVne)‘Vu + tVnelp_Q + fnedz,
Q
we have

I'0) = / VneVu|VulP~2 4 fnedx
Q
—/ neu,,]Vu\p_de—i-/ —nediv(Vu|VulP~2) + feda
o0 )

= —/ Ne [div(Vu|Vu]p_2) - f] dzx.
Q

Now, we claim that Vu|Vu[P™2) — f = 0 at zg. If not, without loss of
generality we assume Vu|VulP~2) — f > 0 at zg. There exists some small €
such that div(Vu|Vu[P=2) — f > 0 in Bc(x). Then, we have contradiction
from

0=1(0)= —/9176 [div(Vu|Vu|p_2) - f] dx < 0.

In conclusion, we have div(Vu|Vu[P~2) = f in Q. Since u, f are smooth in
Q we have div(Vu|Vul[P=2) = f in Q. O

Problem 6. Suppose that a smooth function u(x) satisfies Au +nu = 0 in
a bounded open set 2 C R" with smooth boundary.

(A) Show that the maximum principle does not hold for the solution u.

Proof. Consider the function u(zi,---,xn) = [[i;sinz; on the domain

2= (0, 7)"™. You can check directly that 8%22” = —u and thus Au+nu = 0.

On the other hand, u vanishes on the boulndary of 2 and it is positive in
the interior, so it does not obey the maximum principle. [l

(B) Suppose that there exists a positive smooth function w satisfying Aw +
nw = 0 in €. Prove that



Proof. Since w is positive, we can define v = u/w. Then,

Av=A (g) — div <ku> _ div <%Vu}>

A 2
= 20 Z V- Vu - — Aw 42— [Vl
woow w w
Applying Au = —nu and Aw = —nw yields
2
Av=-"2_ ZVu. Vut+ 422 Vu|?
woow w w
_ oy (3) Vw
w w
= —2Vuv - Viogw.

Namely,
Av+2Vv-Viegw = 0.

Thus, by the maximum principle v attains its maximum on the boundary.

]

Problem 7. We define a smooth function I' : R? \ {0} — R by

z1

H) = e

(A) Show that I is harmonic in R? \ {0}.

Proof. We recall the fundamental solution ®(z) = log||x||, which satisfies
A®(z) =0. Since I' = —8%1(1)(35), we have

0= —iACI)(a:) = A(—0;,P(z)) = AT'(z).
ox1
We can also calculate directly to obtain
02 0 1 272 _2n 4y 83
ozt Ory (llf’?”2 - Hﬂf\l4> I E T
and
8—2F _ ﬂ (_2961332) _ 211 8x1:c§.
Or3  Owz \ [z lzf|* ]l
Hence,
Sz 8z1(2? + 13) 8z 8z
S A = A IR P E
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(B) Given a smooth function f(z), the following holds

lim / f(@)T(z)dz = Lnf1(0),
BL(O\(0}

r—0+ 12
where fi(z) = a%lf(a:).

Proof We define B0 B, (0)\ {0}, Bf = {(z1,22) € B-(0) : 21 > 0}, and
= {(z1,22) € B.(0) : 21 < 0}. Then we have

dx—/ f(z)T(x)dx + 7f(:U)F(x)d:1:
= /B+ f(z1,29)T (21, 22) + f(—21, 22)[ (=21, T2)dX
= [ e = fl=ora)] T

By the Taylor’s theorem, we have
|f(x) = £(0) =z - Vf(0)] < M||z|?
for z € B1(0) where M is some constant depending on supp, ||V f]||. Hence,
|f(z1,22) = f(0) = 21£1(0) — 22f(0)] < M ||?,

(=1, 22) = f0) + 21 f1(0) — w2f(0)] < M|z
Combining them yields

|f (@1, 22) — f(=21,22) — 221 f1(0)| < 2M |||,
Hence,

[ Flaraz) = f=ria2) =20 AO)T (@)

g/ 2Mx1dx:2M/ / #*(cos 0)*d0di = + Mmi®
B (0) 0o Jo

On the other hand
[ amnor@de=240) [ el o
B (0) B (0)

T
= %M?TTS.
0

=2f1(0) /0 ' /0 ﬂ(cos@)%dﬁdf = Zf1(0)r*

Therefore,
1
r2

f(@)l(2)dz — § f1(0)r?
By

Passing r to 0 yields the desired result. ([




